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For the equation
z"+4z'+3z = 130"

Show that the trial solution = = Ae® leads to (-1 + 8i)A = 130.
Solve for A and thus obtain

= (=7 — 16iXcoB 21 <+ { sln 21)

Solution:

z = Ae™*
g 38
5 o . 5 z'= 2ide”
Since  Z"+4z'+3z = 130e™ and 5
q i
"= 4i°4e”

= —440*

z"+42'3z = 130e™
— 44e® + 8ide ™ + 347 = 130e*
— 44 + 34 +8id = 130

{ (-1 +8)4 = 130 }

B 130 (-1 -8i) 130(—1 — 8i)
(-1+8) (-1-8) 1+8 — 8 — 64/°

o 130(-1 - 8i)
[ A= 65

= 2=l = 8f & =2i—libi J

Therefore,
z = Ae*® = (=2 — 16i)e*

z = (=2 — 16i)[cos 2t + i sm 2¢]
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(B)
Using the result in (A) obtain particular solutions of
x"+4x'43x = 130 cos 2t
v'+41'+3y = 130 s1n 2¢
Solution:
| 25t
-~ cos 2t = Ree™ — x
Since _ ,
sin2¢t = Ime* — y
let’s solve instead,
2"+4z'+3z = 130e*
Where
z = (-2 — 16i)(cos 2¢ + i sin 2¢)
= —2cos 2f — 2i8in 2¢ — 16i cos 21 — 16i° sin 27
= —2cos2f— (2827 + 16 cos 2¢)i + 16 81n 27
2= —2cos2f+ 16sm 27— (2 sm 27 + 16 cos 2¢)i
x(f) = =2 cos2f + 16 3mn 27
¥(t) = —2s1n 2¢ — 16 cos 2¢
Ch6-Sec4-Pro4
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By use of an equivalent complex equation or by a trial solution
of the form Asin(st) + Bcos(st) , as you prefer, obtain particular
solutions of:

x"-3x'4+2x = 20 cos 2¢

Y'—3y'+2y = 20 sin 2¢
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(A)

Solution:

25t
-~ cos 2t = Ree”™ — x
Since _

sin2¢t = Ime* — y

So consider instead

Lpe g Al
i \2it o= 2ide
Since z"-3z+2z = 20" and .

4 i
= di-Ae”

= —4A4e*

ZM_3-142 - = 20e
~ AA#= - bide™ 4. .24 = e

= 2l = il g A = =Y = 3id = 10

{{j—l = Ryl = m}

i = ig Elv3) 10(—=1 + 3i)
L3 BLEE) (- el o 08

[ P O P }

10

Ly

= e = (-1 + 3i)e*
= (=1 + 3i)(cos 27 + i s1n 27)

— _cos2f —isin2f + 3icos2f + 3% sin 2f

Ly
|

= —c0s 2t — 3sin 2t + (— sin 2¢ + 3 cos 21)i
Thus,
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X, = —Cos 2t — 351 2t
y, = s 2t + 3 cos 2t

(B)
Now try this one:
x'+x+1l7x = .17 cos 4t
Y'+y'+17y = 17 sin 4¢
Solution:
_ cog 4t = Re o™
Since 5
sin 4f = Im e™
So consider instead

: % = A
Since Z'4+2%17z = 17" and

EPTs = 178

= 16de™® + ide™ o 1w = e ?

gm0 o g
= = 16 4e

~ 164 % 4id + 174 = A4 4id = 17

{{_1 + 44 = 17 }

4it b
Ae™  trial Solition

4it
#* = A4
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(21)

(22)

= —164¢*"

il 7 +{_l—-—h} B 17(1 — 4i)

(1 + 4i)

[ ‘4:1{_1;4;}:1_4?
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So,
== 4e™ = (1 - 4))e™ = (1 — 4i)[cos 4¢ + i sin 47]

— cos df + isindr — 4i cos 4t — 4% sin 4¢

Ly
|

= cos 4 + 4sm 4t + (sindr — 4 cos 41)i

X, = cos 4t + 4 s 4¢
M = sin 4t — 4 cos 4t
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Obtain a particular solution of:
v"42x'45x = 20e" cos 2
y'4+2y'+5y = 20’ sin 2t
Solution:
Since cos(2t) and sin(2t) are the Real and Imaginary parts of
21t
e and

cos 27 = Re &*® and sin 27 = Im e**

let’s consider instead

2422452 = 20e'e™ = 20e™*t = 20eMHF
A trial solution of the form
1+2; : 1+2
z= AW . 2= (1 + 214N B)

= (1 + 20" 4e" P = (1 + 2i)(1 + 2i)4e" ™Y

2" =1+ 2i + 2i + 4i°]4e" " = (=3 + 4i)4e" P
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. 1+2i)¢
Z"+25457 = 20U

(=3 + 404 4 (1 + 20) 4B 4 54007 BN —
A(-3+4i+ 2+ 4i+35) =20
A4 + 8i) = 20
A(l + 2i) =
B 5 + [1—=28 (1 — 2i)
(1+2i) (1- 24) 1 —=@p Biwdi

[:’12@2(1—23’)}

LA

A

F

= = (1 - 20" = (1 - 2i)efe™
z = (1 — 20)é'(cos 2f + i sin 2f)

2

z = ¢ |cog2r i mmn 2~ 2icosdt— 2i8m 2H

= ¢[cos 21 + 2 sin 2¢ + (sin 21 — 2 cos 21)i]

x = Rez = €’[cos 2t + 2 sin 2f]

)

vy =1Imz = & (s 27 -
Method 2. (31)
We can also solve each equation separately

20e° sin 2t = y"+23'+5y

= (D* + 2D + )

cog 27)

: i
Let v = ue

20e* sin2¢ = (D* + 2D + 5)y

Ch. 6 Pg. 88



Ch6-Sec4-Pro5b
Parts a
Meth 2
Page 3/ 7

20¢" sin 2t = (D* + 2D + Sue’
= (D +1D*+2D+1) +5u
=& (D* +2D+1+2D+ 2+ Su
= ¢ (D + 4D + 8)u

20sin 2¢ = (D* + 4D + 8)u

(D* + 4D + 8)u = 20 sin 21
Here is where we can use a complex or a non-complex implant

respectively.

Let wu = Acos2t + B 27 @ b =2
1= —2A85n 2t + 2B cos 2t
"= —44 cos 2t — 4B sin 2t

2080 2¢ = (D? + 4D + SQ)u
= 44 coe2t — 4Bsn 2 — 84 an 21 +

+ 8B cos2f + 84 cos 2f + 8B s1n 2t

208m 27 = (44 + 8B) cos 2t + (48 — 84) =sin 27 (60)
(44 +8B =0 | [ 8B -84 = 20 i
Where | A4+ 2B =0 and B—-24=25
| A=-2B] | B—-2(-2B) = B+4B = 35|
So B=1 u A4=-2B=-2
u = -2 cos2t + s 2t
§ =gt = -0 688 2L i 21 (72)

The same as in (31).
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To find x(t) set equation(60) = 20 cos(2t) .

20coe2f = (44 + 8B)cos 2t + (4B — 84) s 21

(4B -84 =0 (44 + 8B = 20]
Where B—-24=0 and A+2B =25

i B =24 | A+ 44 =35 |
Ad=1 & B=2

i = Acos2t + Bsm 2t
1 = cos 2t + 2 sn 2t

x(1) = ué® = e'(cos 2t + 2 sin 21)
Same answer as in equation (30)

(B)
Obtain a particular solution of:
I,l.rr_lql-f_(_j_«.l- — l{:l'ji?gr s 37

Solution: Method 1
Since cos(3t) and sin(3t) are the Real and Imaginary parts of

{’335 and
SRR a5t : 3 s 3t
CO8 3t = Ree arnd gin 3f = Im e
let’s consider instead
Z"—z'—6z = 102e*e™ = 102¢**%* = 102V %)

A trial solution of the form
= = :;_{E,_(3+3i)f 3 == (3 kg 35):{{?(3+33‘j;

2= (34 3)%4ePTH = (34 3)(3 + 3i) AT
= [9 + 18i + 9i%]4eC T = 18igeP T
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s 26z = 10201
1814 ¥ ¥ _ (3 4 3i) 4B HN _ 6400 =
A(18i — 3i — 3i — 6) = 102
A(-9 + 151) = 102
34(=3 + 5i) = 102
L _ 34 (=3 - 51) 34(-3 — 5i)
T (B%5N) (B-5) 9415 = 15— 25
O 34(=3—5)  34(=3-5) . ..
[‘4_ 5595 34 =R
z = AePH = (=3 = 5)ePH = (3 — Si)ee™
= = (=3 = 5))e™(cos 3t + i sin 3¢)
Thus
= = e™[-3 cos 3t — 3i sin 37 — 5i cos 3t — 5i* sin 27]
= e’[-3 cos 37 + 5sin 3¢ + (-3 sin 3¢ — 5 cos 31)i (102)
x = Rez = €[-3cos 3t + 5sin 3¢] N
(104)

y = Imz = & (—3sm 37 — 5 cos 37)

Method 2.
We can also solve each equation separately

102¢* sin 3f = y"-3'-6y

= (D* - D - 6)y
Let v = ue™ and use the slide THM.
102¢* ¢in3t = (D* - D — 6)y
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102¢* gin 3t = (D* — D — 6)ue™
= (D +3)* - (D+3)- 6u
= (D +6D+9—-D—3- 6
= ¢*(D* + 6D — D)u

102 sin 3¢t = (D? + 5D)u

(D* + 5D)u = 102 sin 3¢
Here is where we can use a complex or a non-complex implant

respectively.

Let  u = Acos3t + B sin 3¢ @b=73
u'= =34 s 3 + 3B cos 3

"'= —-94cos 3t — 9B =in 3t

102 sin 3t = (D? + SD)u
= 94 cos3t — 9B s 3 — 154 sm 3¢ + 15B cos 3¢t
102 sm 3t = (-94 + 15B) cos 3t + (=9B — 154) s 3¢ (118)

;. . [ — 9B - 154 = 102
-9 5B =
A4+ 15B =0 _ 9B - (15 3B =
Where 94 = 15B and i
s . — 9B — 25B = -34B =102
A=2B=2zB
3 3 _ .
— N

Therefore, B =-3 and A = (5/3)B = -5

Ch. 6 Pg. 92



Ch6-Sec4-Prob

Parts b
Meth 2
Page 7 / 7
it = —5cos 3t — 3s1n 3¢
y = ue” = é&'[-5cos 3t — 3sin 3] (122

y = e*[-3sin 3t — 5 cos 3]
The same as in (104).

To find x(t) set equation(118) = 102 cos(3t) . And,

102 cos 3t = (-94 + 15B) cos 3t + (-9B — 154) sin 31

[ — 94 + 15B = 102
9B -154=0 — 94+ (15) 2 4 = 102
Where 154 = -9B | and |— 94 — 254 = 102
| A= Bi= 2B — 344 = 102
A= % =3
A=-3 U B=324=5
i = A cosg 3t + Bsin 3f
1 = —3 cos3f + 5sin 3¢
x(f) = ue™ = e* (=3 cos 3t + 5sin 37)

Same answer as in equation (104)
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Solve ='= el@*ib) (1)
Separate into Real and Imaginary parts, obtain formula (2) below,

e® cos(b)dt = e* [n’ COS bgr + szsm E?r} — (2)
a +b

and then solve formula (3),

I e sin(br)dt (3)

(A)
Solution:
c _ cstaddhY  cafadbe  atfiacs B gy -
Z7=e = e“e™ = e“[cos bt + isin bt]
Rez'= e* coshbt U Im =' = e* s bt
Re -'= Re i = % cos bt
dt
Re - = I Re-'d- = J. e™ cos bt dt

Let

J‘ e cos bt dr = J udv = v — J v

v = cos(bt) dt

u = e®

if and |v =
dit = ae®dt J.

v

(cos bt)dt = 7 s bt

|
)
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Then,

I e® (cos bt )dt
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Ly — I v di

E}az . {"'!l' . .
= S-S bt — 7 e® sm(bt)dr
cz.f —
= Tx‘ m bt — b e sm(br)dr
Let A = J‘e‘” sin(bi)dt = Ir«fv = uy — J‘mﬁu
Then let
dv = (s br)dit
= g
and |v = v sm(Dir)dr
du = ae®dt
= cog bt
— '} —
e” sm(bHdt = uv — | vdu (16)
?ﬂf, I}' £ .
= — ——cosbhr + ';— e* cos(bt)drt
hH h
Thus,
Ie“‘f cos(bi)dr =
J'ﬂ:ﬁ . == -
= ‘T sin bt — % g cos bt + ‘; I e* cos(bi)dt
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e® cos bt dr =
.:;t.if 2
s s bt —I— A % cos bt — 4:’.*2 e® cos bt dit
b b
e® cos bt df —I— Yeoshtdt =

= £ _sin bt + L e¥ cos bt
53' h*
at a®
e* coshtdl 1 + 2| =
\, EJ‘ Y,
7.2 2 at
e cos bt di| E¢| — £ _sinbr + L ™ cos bt
" 32 ) b 52

_ [b ain bt + ¢ cos br}
- 2

Eaz cos bt dt :ecz.t|:f} S bg + 2::0::: EJ.“:| o
a“ + b

Here's how to solve the last one.

af.

e an(bt)dt = — f? cosbr + &£ F} e® cos(bt)dt
¥ ; iR . = :
_ B toq bf o @ g @ COB E'wzr + E}zbm Di
z ) a b

Ch. 6 Pg. 96



Ch6-Se4-Pro7P

Page 1/ 2
Let w be a nonzero Real constant. Solve
L 4+ i) ~ jm)z = " e (1)
and thus show that the equations below have the indicated solutions:
x"+wéx = cos wt (2)
.1'”+1|'2_1' = s wt (3)
;R { Ci}fr"lﬂ (38.)
Solution:
Since
coswt = Re ™ sinwt = Im e™
let’s use instead
"wiz = & (6)
Rez = x(2) eqn(2a)
where ?
Im z = v(7)
Note:
(D + iw)(D — iw)z = &
IS the same as equation(6). See
(D + w)D — iw)z = & (10)
M = (D + iw)(D = iw)z = {_E}E — i*w?)z
oM = {_D2 + wiz = Z"wis = eqr(6)
o Re =z = x(1)
So we’ll go on and solve (10) in its present form
Imz = y(7)
L et
(D + iw)D —iw)z =™  and z = ue™
Therefore,
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& = (D + iw)(D — iw)z
= (D + iw)(D — w)ue™
= (D + w) + w)(D + iw) — w)u
1 = (D + 2iw)Du
Let v = Du
1 = (D + 2iw)Du = (D + 2iw)v = Dv + 2iwy
vV = a constant (See chapter 6.2.129)
So, Dv +2iwv = 0 + 2iwv = 1
1 v du
V=== Du=u= =
2w dt
di = :f_r
20w
diy = ,ff—r
2w
. !
= =
2w
i t it I . : :
= ue" = —/—¢" = ——J[cos wi + ismn wft
20w 2w [ |
f ,T") T : — it BT .
= — (=f[cog wi + isinwi] = cos Wi + 7 81 wt
2hw (.F[ ] 2w [ |
f T 5 3 : f i . s g
= ——[—icoswi— i smnwt] = SN WE — 7 cos wi
2w [ ] 2w [ ]

Here are solutions to equations {2,3}.
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Chapter 6 Section 5

Existence and Uniqueness

Sometimes when we are attempting to solve problems it is always
helpful if not encouraging to now if there is a solution. And still
better, knowing whether the solution is unique or just one of many.
This section deals with uniqueness theorems. As stated by “Grossman”,
Differential Equations, 1991, chap 4.2, page 80:

@ An existence theorem asserts that a problem has at least one

solution,

@ a uniqueness theorem asserts that a problem has at most one
solution.

And in addition that, “...There is nothing wrong with looking for a solution
before you know it exists, and if you find it the question

of existence is settled then and there.”

At the stage you should already know the importance of complex
numbers in physics and engineering. The primary theorem of this
section is:

Theorem 6.5.1 — Let f be a continuous Real or complex-valued

function or an open interval | containing the point [ . Then the

following initial value problem has one, and only one, solution:

B . 5 A _ o _r e .
Iy=fonl, y@)=y ., y(@)=y .

So, let’s begin!
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Write two linearly independent Real solutions to the 9 differential
equations given below:

(A)
Given: vy’ + 3y = b4y .

Solution:
y'+3y' = 54y
0 = y"+3y'-54y
= (D* + 3D - 54)y

. g ¢
ket p = ig™ =87

0= (D°+ 3D -54)y = (D* + 3D - 54)e*
Use the " slide — rule"

0= e®(# + 34— 54)

0= (2 £33~ 54) Characteristic eqn.
0=A+9)(A—-6) @ A = {-96)

A i
(] — ) 1 L] L] — )Az
‘11 e : ‘12 1%
Or as a solution vector:
% ek
-1 ,F'J‘
oo s | E _ _
T:(ﬁ‘{f}:‘ ‘:‘ = 13 V.) = {# 95"{)‘6’
y .-12-". L 'F.?
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(B)
Given: y' +vy =2y . (20)
Solution:
yi+y = 2y

b = @=dgpitp
= (D — 3D+ 1}y

. pY ¢
Let y=¢" =¢

0= (D*-2D+1Dy=(D*-2D + l)e*
Use the " slide — rule"

0=¢"(AF - 24+

0= (X -24+1) Characteristic eqn.
0=(Gi-DA-1 @ 4 ={Ll)

Aqi i i o Aq f
‘1~1 — el = o ‘1'2 = .63/12 = te’l = te

Note that A = 1 is a double root.
Or as a solution vector:

i o i "y
{ 1

(9 .1 \ t?-ﬁ
a0 ="
\: 1 ~2 y, f{? J !r,

¥ =i, 1) = e, 4
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