Ch6-Secb5-Pro1l

Parts c
Page 3 / 10
(C)
Given: vy’ + by = 4y’ . (30)
Solution:
y'+5y = 4y
0 = y"-4y45y
= (D° = 4D + 5)y
Let 'y = e% = ¢"
0= (D°—4D + 5y = (D* — 4D + 5)¢*
Use the " slide — rule"
0 = (2 — 41+ 3)
s b
0= (F - 44+ 5 Characteristic eqi. (38)
0=(4A25(417)])
Method 1:

a* —4b =16 - 4(5) = -4 > 0

. oF I 7 s H
v = e~ (¢ cos fift + ¢, sm fir)

4b% — o
o0 . p= Y
4 R N
Df—g—j /{3—?—5—1

a8 2 : e _ 2F - 2 ; i .
y = e (¢ cos Gt + €, S pr)y = e (¢, cos 2t + €, S 21)
y=ley, + ¢l

2t 9t
v, = e " cost and y, = e st
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Or as a solution vector:
-"'. .1, .".

{5y o 5
e COsT

P(r) = .

."-' .\'.
ﬁ' cosr ‘

Y,/ \e*sint) \Sm 7
V= s ¥ = {fzf Cos 1, et sin 1)
Method 2: From equation (38)
P —4i+5=0
4+ 16 - 4(5)

A = =

= X & I

Since Euler yields

e -
¥ = cos 8 + igm &

T4 +3 . - 3
pHE — p2p%it — L2 (aogt 4 gin 1)

we get Real solutions

(D)
Given: y’ + 6y = by’ .

Solution:

Let vy = e = ¢

0= (D*-5D+6)y = (D* - 5D + 6)e”*

Use the " slide — rule"
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Ch6-Secb5-Prol

Parts d
Page 5/ 10
0= e*(# - 54+ 6)
(F = (f — 5 A+ 6) Characteristic eqn. (68)
a b
0=(4A-2)4A-3) f_'le" A {23} = {_;‘,1/12}
Fj = E?/llz == 92;
Rt S
y, = e = ¢
s h T
1 e
— . -] A
v=an=|"|= = (", e) = (v 1)
: 3¢
"\12/ b, e )
(E)
Given: Yy’ + 4y = 4y’ . (70)
Solution:

yi+dy = 4y
0 = y"-4y'+dy
= (D° — 4D + 4y

. it :
Let v =e¢" = ¢

0= (D*— 4D + 4)y = (D* — 4D + 4)e™
Use the " slide — rule"
0= e®(A* — 44 + 4)
) = (,—%2 — 441 + 4) Characteristic eqn. (78)
0=A-2)(1-2) @ A e{22
Double root

Ayt t L
v, = e’ Uy o= e = feM

.1 i ..2
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Or as a solution vector:

f;’?{f]' =

¥ =09, %.) = (e ") =851 1)

(F)
Given: y’ + 50y = 2y’ . (90)

Solution:
V'+5y = 4y

0 = y'-4y'+35y
= (D* = 4D + 5y

: At t
Let v =% =¢

0= (D° - 4D+ 5y = (D* — 4D + 5)e”*
Use the " slide — rule"

0= M2 — 44+ 5)
&

[
0= (& — 44 +5) Characteristic eqn.  (98)

Since a@® — 4b = 4 — 200 = =196 < 0 there are 2 complex
solutions. The solutions can be resolved from
method 1:

v = e%(c. cos fBf + c. sin Gt 100
- i >

where o = — ‘,(.:r—? = |
J —If:r — a° Jlgﬁ

. eqn (100) f:re(?.-:m.'m'
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{ - B—
o i . B i L
y=c¢y +cy, =é&(ccosit+c 8Tl

_ — (V] [€ cosTt] ,[cos 7t
Ly @(f) = ‘ = ‘ = g .-
\ Y5 e’ sin Tt/ 81 7t
Method 2: From eqn (98)
.-12, .-} - -
A — 24+ 50 =
2+ 4—19 _ 24 147 _ 4 4 -
A= A =2 I 4
The Eiuler eqn yields
e’ = cos @ + isinb
14 75)¢ i
HE70E = AT

i T oI =
= e (cos 7t £ ism7t)
Which vields Re(Solutions)

P P s ey P
y, = ecos/r Y, = € st

Done
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(G)

Given: y" + 6y’ + 10y = 0 .
Solution:

‘Trr_|_6‘1~f_|_1[}_1r = (]

0 = ¥"+6y'+10y
= (D’ + 6D + 10)y

. X ¢
Lot W= @° =@

0= (D*+6D+10)y = (D* + 6D + 10)e™
Use the " slide — rule"
0= e¥(# 4+ 64+ 10)

0= (#+ 64+ 10) Characteristic eqn.  (118)
i b

Since a® — 4b = 36 — 40 = —4 < 0 there are 2 complex
solutions. The solutions can be resolved from

method 1:
'::E .
v = e (¢ cos bt + c, sin fi) (120)
where o = — % = —3
[ 2
— 5 =1 =
. eqn (120) becomes
g
= ufud Y. = @ > COS B
1 ey, + GV, e (¢, CosT + ¢, snl’)
v, = e * cost v, = € * gint
1 2
| .o o0 i — 3 \ ;
- _ M g~ eosl 5[ COS T
or g =[] =[] - ex[=
Y e o |
\ _12 ; L @ St S T
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Ch6-Secb5-Pro1l

Method 2: From eqn(118)
A4 64410 = 0

1 = = ik ,.}36_4{'}:_6}:{:—34;."

The Euler egn vields
8 ] i
e = cosd +isné

MG O X =3y

= e “(cosf T ismnf)

Which vields Re(Solutions)

= g RN
-Tl = p cos f J -1:2 = & S11 7

(H)
Given: vy’ + 10y’ + 29y = 0 .

Solution:
¥'+10y429y= 0

0 = y"+10y'+29y
= (D* + 10D + 29)y

. b ‘
let y =% =¢

0 = (D* + 10D + 29)y = (D* + 10D + 29)e™
Use the " slide — ruile"
0= e¥(F +104 + 29)

0= (# + 104+ 29) Characteristic eqn.  (138)
@ &

Parts g
Page 8 / 10

(130)

Since @® — 4b = 100 — 116 = —16 < 0 there are 2 complex

solutions. The solutions can be resolved from
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method 1:
5 — 'ﬂf -4 o '1. i
v = e%(c cos ft + c, sin fr) (140)
where o = -4 = - Q = -5
[, 2
N4 — a4
g = =2=2
2 ) -
eqn (140) becomes
y=cy +ecv, =e (¢ cos2t+ ¢, sin2f)
- i L T K, S g et
Y. = ¢ Pioogi W ¥, = e ' 511129‘]
] _ L e > cos 2t _ s, €OS 21
()i o) = ‘ = ‘ = ‘ ‘
WMog e sin2ry \S1n 27

Method 2: From egqn(138)
A +104+29 =0

, _ — 10+ J100 — 116 _ — 10 + - 16
g

Al 845

The Euler eqn vields

O g:
e’ =cosd+isméb

_54 35 _5¢ 495 » - s
gL — GG — 57 (c0g 21 + i sin 2f)
IWhich vields Re(Solutions)

=D ; | S
yy=e 7 cos2t vy, =e sl
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Done

(C)
Given: y’ + 12y’ + 35y = 0 .

Solution:
Y'+129'435y = 0

0 = y"+121435y
= (D* +12D + 35y

. oy :
Let v = g° = e’

0

Use the " slide — rule"

AL o a2

0= (2 + 142 + 35)

0 = (& + 124 + 35) Characteristic eqn.

0= (A4 7)A+5)

@ Ae{iA}=(-5-T)

"|_' = {7/“3.1f = {?_53
1

f =
V. = E,@z = g "
1

Or as a solution vector:

) .1 k! o 56 0)
git)= ‘ =

| '1"' | )_?ﬁ

.o 2_{. ,‘E_ "l

-5 =7t
= {11 v,) = (e g =
Done
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(160)

(D* + 12D + 35)y = (D* + 12D + 35)e™

(168)



Ch6-Se5-Pro?2

Parts a, C
Page 1/ 3
This problem pertains to the equation
y'+dy'+ay = 0 (180)
where a is a Real constant. Obtain the following particular solutions:
et . e . e cost (182)
for a = 3, 4, 5 respectively.
(A)
Solution:
Y+dy'+ay = 0
0 = y"+4y'+ay
= (D* + 4D + a)yv
Let v = e" = ¢
0= (D*+4D + ay = (D? + 4D + a)e™
Use the " slide — rule"
0= e®(F + 44+ a)
0 = (& + 44+ a) Characteristic eqn. (188)

4 B
Since A° — 4B =16 — 4a = ? Then fora = 3
16 —4a=16—-12=4 >0
Yields Re( Solutions).

Thus # +4i+a =2 +4i+3 =0

G+Is+D=0 @ 4e{ii)={-1-3)
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Ch6-Secb5-Pro?2

Parts b
Page 2 / 3
(B)
For a =4
Pt di+a=F +41+4 =0
(A+2)(A+2)=0
@ A= -2 .. Double root @A, = A, = -2
A i
Thus y, = e B i v, = e =
Y, = e %
So that y
v gETe
Y, te
(C)
Fora =5
A* —4B =?
i ) 5 ) i (208)
A At g = A A+ 5=10
A B
. 2 - T B _
Since 4" —4B =16—-4(5) = =4 < 0 there are 2 complex solutions.
The solutions can be resolved from
method 1:
y = e” (¢, cos fit + ¢, s fr) (210)
Trrren . _a _ A _ 4 _ 5
where o = 5 F U RSy E
JiB — A® 9
f=mg—=3=1
eqn (210) Decomes
= | ] _':;:1¢. [ + C., 811 7)
= = I v e i ”
()’ ._4 il = : — 1 o — 2 o
y | ! ‘ _.-_# .I |

Ch. 6 Pg. 112



Ch6-Secb5-Pro?2

Parts c
Page 3/ 3
Method 2: From egqn(208)
A +101+29 =0
=10+ Y100 — 116 _ — 10 + J— 16
- ) - 5
3 s — 10+ 4 i Gn B¥
2
The Euler egqn vields
¢ = cos +isind
el T BN — T AL — 5 (005 2t + § sin 21)
Which vields Re(Solutions)
¥y = e cos2t U Yy = e > sin 21
Ch6-Se5-Pro3
Parts a, c
Page 1/ 5

This problem pertains to the equation
y'$2bypdy = O (1)

where b is a Real constant. For h* = |, 2. 3 respectively, obtain the
following particular solutions:
7 oand ol g oW (2)

£ C

(A)

Solution:
y'4+20y'4+2y = 0
0 = y"4+2by'+2y

= (D* + 2bD + 2y

Ch. 6 Pg. 113



Ch6-Secb5-Pro3

Parts a
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0 = (D* + 26D + 2)y = (D* + 2bD + 2)e*

" slide it baby"

0= (R + 2b24 +2)

0 = (J* + 2bA+ 2) Characteristic eqn. (8)

A B
If A — 4B Then forb =1
A° — 4B = 4b* ~8=4-8=-4< 0
Since 4° — 4B = —4 < 0 there are 2 complex solutions. The

solutions can be resolved from

method 1:
y = e%(c, cos ft + c, sin fir) (10)
1 o s oMb e JIEE
where a =—% =~ = —b
; ) 72
,_ V4B - A4 _ 8-’ _ 2
b= 2 T2 =g =
eqi (10) becomes
y = ey + ey, = e (e cost+ ¢, sint)
- 11 22 1 2
¥y, = e ¥ eost U v, = e sin r]
| AR ™ £ e . =4 ! I
- Y, e % cost [ €OS 1)
Or @(t) = ‘ ‘ = b.r = e = ‘
\JYs/ \e T snt) sz
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Ch6-Secb5-Pro3

Method 2: From eqn(8)
A A +2=20 @ b* =1

; N, Jaen )T R, | NN, B

A=-b+i
The Euler egn vyields
b A e s
e’ = cosf +ismnéb
—hti Ly +i Ly R i
g ORI o R o (cost £ isint)

IWhich vields Re(Solutions)

v, = e ¥ ozt U v, = e ¥ sin ¢

(B)

For
b =2 and 2 +2b3+2 =0
A

A* — 4B =40 -8=8-8=
There is a double root for 1 = ¢
Therefore,

B 2R A = B b U243 = 0
= (i+ﬁ)(i+ﬁ) =
@ A e {AA} = {(-V2.-v2}

A =+—h
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Ch6-Secb5-Pro3

Parts c
Page 4/ 5
(C)
For
b =3 and A + 203+ 2 =0
A B
A — 4B = 4p* -8 =43)-8=4> 0
There are 2 Real roots for 1 = e”.
Therefore,
Z+232+2=0
g
b+ b —dac  —2b £ J4° - 4(2)
/U = = i 3
L p
: — 2b + 12 — _.9 )
R A

WS e BT o REEEER
A1 - = e e

Cho6-Sec5-Pro4
Page 1/ 4

Get a particular solution of equations {1,2,3} in the simplest
possible form and thus get a solution of the 4™ equation where a, b, c
are any constants:

y'—34+1y = cosll (1)
y'=¥'+7y = sm 2t (2)
V=V = 6= (3)
V'—1'+7v = 13(a cos 2t + b sin 2f) + 9ce® (4)
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Solution:

Equations (1) and (2) can be represented by

Nl T
. i P

Let

So

it

A

A

. {)215

.
T
z 2ide”

"= —44e™

T.” _} :H

-

here.

— L TE +-'|l-

= —44e™ - 2i4e™ + 7 A4e™
= 44— 2i4 + 74 = ‘_]_(__I_ e g "“}
- 1 ,(3+3f): 3l B
3—-2i \3+2i O+ 6i — 6f + 4
_. 3 2
13

(3 + 2i)
13

- {% A= :F} f}zjg
=

13

2it
LT3 cos?2f + 3isin 2f + 27 cos
| iSONE W 3
y, = 75 [3cos 2t — 2g1n 2¢]
y. = (2

; . 3 a9
s = ==[2 o8 2F + 3 #in 2f]

Solve equation (3) as follows:

1,”

Let

—V'+7y

21

= &

¥ = Ae”® = Ae*

Where 2= root of the homogeneous equation.
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A3 = 20)

[cog 21 + i sin 27]
2t — 2 sin 2¢]

2t + 38in 21)]



Ch6-Sec5-Pro4
Page 3/ 4

. 2t
Thus | v'= 2A4de
y''= 4 g™

21 -
g = el

= 4 4e® — 24e* + TA4e*
1 =44 —-24+ 74 = 94
1
k=1

. 2 2
Then ¥, = HF = é{?

Now for the 4" equation do as follows:
Let

Ty = y"—v+7v = 13(a cos 2t + b sin 21) + 9ce™

By the principle of superposition,

Ty, = y"-y'+7y = 13a cos 2t

Ty,, = y"-y+7y = 13D sin 27

Tv,, = ¥"-¥+7y = 9ce™
Since equations {1,2,3} are

Ty, = y'=y'+7y = cos2t

Ty, = y'-y'+7y = sin 2t

. - 2t

Ty, = y'—y+ily = e

Then

Ty, = 13a cos 2t = 13aly,
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Ch6-Sec5-Pro4

Page 4/ 4

v, =13ay, = 13a| -3 cos 2¢ — 2 sin 21])
l v, = al 3cos 2t — 28 2 Solution | ]
Iy, = 13bsm 2t = 13b(1y,)

). = b, = ]4,*.[%42L{+\“, + 25l - *]
l Ye, = b(2cos 2t + 3sm 21) ] :M Solition

2t :

5 — ; 2] T : ; — .- !
T-133 Oce JFI} T(—‘»‘f’.‘rg)

~ B ‘ B o ) T

v, = 9, )f ) ce 3 Solution

Finally,

1= g ? ! 2C
3 v, t ¥, +¥, Because
Ty = ‘?—-1:11 =+ 31'22 h ‘T-133

v = a(3cos2t — 2sin2¢) + b(cos 2t + 3sin2t) + ce™
This is obtained by the principle of superposition.
Ch6-Se5-Prob
Page 1/ 3

This time you are to get a particular solution for each of the two
equations (1) & (2):

X"+2x42x = 2¢ " cost (1)
V42342 = 2¢ F sint (2)
Try either
@ fte'(Acost+ Bsint) or
@ z = uet 1
(=1+i)t

If we choose @ , then set = = e and use the slide-rule with
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k = -1 + 1 in the equivalent complex equation:
(D #1400 4 1.—ijz = 27140 (5)
Note:
(D+1+i(D+1-17)z =
= (D*+D—-iD+D+1—-i+iD+i- i)z
= (D* + 2D + 2)z = z"+2z'+2z
s 2e 2z = Qet TN
So, from (5)
2007 = (D 1+ D+ 1 - i)z
= (D+ 1+ DD +1-dDuet "
=D — 14+ i+ 1+ DD -1+i+]1-Du
2 = (D + 2i)Du)
Logic dictates that Du = ¢ = a constant.

(D + 2i)Du = 2
(D + 2i)c = Dc + 2ic = 2

2ic = 2
Thus. c = 23 =1
I I
Dit = ¢c = —i
cfid
di ¢
J.n’u = J.— idt
1 = —it
o e CETRENE L L R L N
- = e = ite "¢ = —ite "(cost+isnt)

= fe [sint — icost]

Re part — [.*r = fe ‘ sin r’l; Im part — lj‘ = —te " cos .f]
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